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ABSTRACT
We investigate the dependence of large angular scale cosmic microwave back-
ground anisotropies on various initial conditions, including both adiabatic and
isocurvature perturbations and the initial power law index n, in a variety of
low-
 cosmological models. Cosmological constant{dominated at models and
inationary open adiabatic models, with n
e
< 1, and open isocurvature models,
with n
e
' 2, are signicantly constrained by the present observations.
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I. Introduction
The discovery of cosmic microwave background (CMB) anisotropies by the
COBE satellite [1] has provided important information about initial conditions
in terms of the spectrum of primordial density perturbations. In particular, these
observations provide a powerful probe of the slope of the initial power spectrum.
The rst year DMR data suggests an initial power law index n = 1:10:5, also in
agreement with one recent analysis of second year combined data (n = 1:100:32)
[2], that is consistent with the scale{invariant prediction n = 1 of inationary
cosmology. An independent analysis of two year data [3], however, may result
in a steepening to n = 1:59
+0:49
 0:55
; the recent detection of CMB anisotropies by
the Tenerife experiment [4] supporting the higher power law slope. A value of
n signicantly greater than unity is dicult to reconcile with ination. In this
paper, we consider a set of alternative models that naturally allow n > 1:
Previous discussions of large angular scale CMB anisotropies almost invari-
ably adopt the at 
 = 1 universe with initially adiabatic perturbations. In an
open universe, the shape of the CMB anisotropies induced by adiabatic perturba-
tions is aected by background curvature on large scales [5,6,7]. It is generically
dicult to disentagle curvature eects from initial conditions. However we have
found that primordial isocurvature perturbations in an open, baryon{dominated
(BDM) universe [8] result in a spectral shape that is primarily determined by
background curvature. The interpretation of smaller angular scale observations
are confused by the sub{horizon microphysics of Doppler peaks and rescattering;
hence we focus here on large angular scales (
>

5 degrees). In this Letter , we
present the results of numerical calculations of large-scale CMB anisotropies for
both adiabatic and isocurvature initial conditions, in order to see whether the ef-
fects of geometry can be distinguished from the dependence on uctuation mode,

, initial power law index n, and thermal history of the universe.
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II. Large{Scale CMB Anisotropies
Here for generality, we consider open universe models. The temperature
anisotropy is usually expanded into multipole components ` in Fourier space.
Detailed treatments are given elsewhere [5,9]. In order to directly compare the
spectrum with specic observations, we introduce the coecients C
`
[10] of the
CMB anisotropies in ` space as C
`
=4 < ja
`
(
0
)j
2
>, where a
`
(
0
) is the coef-
cient of the `th multipole component of the temperature anisotropy at present
and 
0
is the present conformal time. The expected temperature anisotropy for
each experiment is expressed by using C
`
and the specic window function W
`
:
(T=T )
2
exp
=
P
`2
W
`
(2`+ 1)C
`
=4 :
There are several physical contributions to CMB anisotropies for generic den-
sity perturbations [11], i.e., the Sachs-Wolfe (SW) eect, the integrated Sachs-
Wolfe (ISW) eect, primordial entropy perturbations, induced Doppler eect
and primordial adiabatic perturbations. On very large scales, the Doppler and
adiabatic terms can be neglected. Hence the `th moment of the temperature
anisotropy is written in gauge{invariant variables [12] as
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where 	, V , S and 
LSS
are the gravitational potential, the velocity perturba-
tion, the entropy perturbation and conformal time on the last scattering surface.
X
`

(
0
 ) is a radial eigenfunction in the open universe with  =
~
k=
p
 K, where
K is the curvature constant and
~
k 
p
k
2
+K, with k being wave number. If
at universe models are assumed, X
`

reduces to the usual spherical Bessel func-
tion j
`
 
k(
0
  )

. Each component in this equation corresponds to SW, ISW
and entropy terms, respectively. In the case of at 
 = 1 models, the SW term
is 	=3 and the ISW term vanishes for growing modes in the matter{dominated
universe. For adiabatic initial conditions, the entropy term is negligible. On the
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other hand, for isocurvature initial conditions, the combination of entropy term
and SW terms becomes 2	 [13]. For 
 = 1 models, one can easily calculate
large{scale CMB uctuations from the matter power spectrum through the Pois-
son equation. The relation between C
`
and the initial power law index n of the
matter spectrum is C
`
/  (`+ (n  1)=2)= (`   (n  5)=2) ; (n < 3) [6]. For
isocurvature models, n is replaced by n+ 4 in the above equation if n is dened
as the initial power law index of the entropy perturbations.
For at cosmological constant()-dominated models, however, the contribu-
tion of the ISW term is dominant on large scales for small 
; and this modies
the temperature spectrum [14]. For open models, in addition to the ISW ef-
fect, the cuto in the k integration and the modication of the Poisson equation
near the curvature scale add further complications. For open adiabatic mod-
els, semi-analytic calculations on large scales have been recently performed by
Kamionkowski and Spergel [7], who however only included the SW and ISW
terms and therefore were unable to accurately probe the Tenerife scale. For
BDM models, analytic formulae for C
`
were given by Gorski and Silk [15], who
included the eects of geometry but neglected the contribution of the ISW eect.
Moreover the favored range for the power law index for BDM models ( 1:5 to
0) from numerical simulations [16], is larger than the value expected by ina-
tion ( 3), and is out of the region of validity of the analytic formulation by the
Gamma function. Gorski, Silk and Vittorio [17] examined large angular scale
CMB anisotropies in cosmological constant{dominated adiabatic models, again
including only the SW and ISW terms. There has been no previous work on
large angular scale anisotropies in {dominated BDM models.
The interplay of the ISW term, which enhances large{scale power, and geom-
etry, which suppresses it via what in eect is gravitational focussing, is suciently
intricate that we have been motivated to perform a full range of numerical cal-
culations with both adiabatic and isocurvature initial conditions. We investigate
the behaviour of C
`
with varying 
, and include the eects of varying the pri-
mordial index, the thermal history, and the vacuum contribution in spatially at
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models. We use the gauge invariant method [12,18] to treat perturbation vari-
ables. The perturbation equations are solved numerically until the present epoch;
detailed numerical treatments are given in Sugiyama and Gouda [19].
III.Numerical Results
First, we present numerical results for CDM with adiabatic perturbations.
Here we take 

B
= 0:03 and the dimensionless Hubble constant normalized
by 100km=s=Mpc to h = 0:5. In gure 1, the C
`
's for dierent 
 are plotted
(a) for open and (b) for at  models. Each C
`
distribution is normalized to
the quadrupole anisotropy. The initial conditions for these models are taken
as j=j
2
/
~
k; namely a Harrison-Zeldovich spectrum in an Einstein{de Sitter
universe. For open universe models, this is not the only reasonable choice of
initial conditions, the C
`
's having weak dependence on the dierent scaling of
initial spectrum [7]. However we also consider an initial conditions produced by
a low 
 inationary model [20]. This initial spectrum is proportional to
~
k
 1
on scales larger than the curvature scale. while it coincides with the Harrison-
Zeldovich spectrum on small scales. The hatched region is the expected power law
slope 1:4 0:6 from the combined 1st and 2nd year COBE data [2,3]. The width
of the window functions up to the half{power points are l  11 and 13  `  30
for the COBE and Tenerife experiments, respectively. Note that all  models
have eective n smaller than unity on the COBE/Tenerife scales due to the ISW
terms. Because of the curvature eect, n
e
> 1 for the open Harrison-Zeldovich
models on the COBE/Tenerife scales. On the other hand, we get n
e
< 1 for the
model of Ref. [20] because of the strong enhancement of large scale uctuations.
Even for this model, however, the curvature eect is apparent for the 
 = 0:1
case.
The eect of reionization of the universe is shown in (c). Our adopted reion-
ization model is the late{time fully ionized universe with electron{scattering op-
tical depth unity. We compare reionized models with standard recombination
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models. Fluctuations on the COBE scale are not aected by reionization. How-
ever this is not the case on the Tenerife scale. There is a notable dierence in
particular for  models. Because of the curvature eect on the geodesics, the
horizon scale of the last scattering surface of an open model corresponds to a
much smaller angle, i.e., larger ` than that of a  model. For larger 
, the last
scattering surface is earlier. This suggests that the  model with small 
 has
the greatest eect via reionization on large{scale CMB anisotropies for models
with similar optical depths. In gure 1 (d), the dependence on the initial power
law index n is shown for the 
 = 0:1 open and  models, and the 
 = 1:0
model. Even if n = 1:5, the  model cannot be easily reconciled with the COBE
slope. In order to more directly compare with observations, we show the expected
temperature uctuations for quadrupole, FIRS (Far Infra{Red Survey) [11] and
Tenerife scales normalized to the COBE 10 degree scale in Table I. The eective
power{law slopes n
e
on the COBE scale for each model are also shown. Using
the relation between C
`
and n for 
 = 1 models, we dene this n
e
by taking the
ratio of C
`
at ` = 10 and ` = 2.
The C
`
's for BDM with primordial isocurvature perturbations are shown for
dierent 
 in gure 2. Figures 2 (a) and (b) are fully ionized models with n =  1
for open and  models, respectively. Here the initial power law index n is dened
as jSj
2
/
~
k
n
. In gure 2 (c), models with no reionization for 
 = 0:1 open and
 models, and the 
 = 1:0 model, are plotted together with the corresponding
fully ionized models. In this gure, n is also taken as  1. The dependence on
n is shown in (d) for fully ionized 
 = 0:1 open and  models and the 
 = 1:0
model. It should be noticed that for both open and  models, the dependence
of C
`
on n is weak. The thermal history of the universe is also weakly aected
in open models as shown in (c). However the shape of the C
`
distribution for 
and 
 = 1:0 models is very sensitive to the thermal history. In BDM models, the
last scattering surface is much closer to the present for larger 
. Together with
the geodesic eect, the open low 
 model is least aected by reionization on very
large scales. The expected uctuations of the quadrupole, FIRS and Tenerife
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anisotropies and the eective n are shown in Table II.
IV. Conclusions
In this Letter, we have investigated the shape of CMB anisotropies on very
large scales for models with adiabatic and isocurvature initial conditions. On
such large scales, cosmic variance cannot be negligible. Before summarizing our
results, we discuss the eects of cosmic variance. We can assume that the `th
moment of the expected temperature uctuations obeys 
2
statistics with 2`+1
degrees of freedom. The 90% condence region of the expected temperature
uctuations on scale ` is expressed in terms of the rms temperature uctuations
as  < T (`)=T
rms
(`) < . Here (T
rms
(`)=T )
2
 (2` + 1)C
`
=4.  and 
are functions of `. If ` is large enough,  =
q
1  1:96
p
2=(2`+ 1) and  =
q
1 + 1:96
p
2=(2`+ 1) because of the Gaussian nature of the 
2
distribution
with many degrees of freedom. For small `, (`; ; ) =(2,0.48,1.49), (5,0.65,1.34),
(10,0.74,1.25), (20, 0.82, 1.18). In tables I and II, we show the rms temperature
uctuations. Even though the quadrupole anisotropy contains a large cosmic
variance, models with rms quadrupole anisotropy larger than 12K would be
ruled out by the COBE detection, if this result is conrmed. Our normalization
of uctuations to the COBE 10 degree scale involves 30% cosmic variance. On
the Tenerife scale, the eect of cosmic variance is less than 20%.
For adiabatic uctuations, the dierence between open models and {
dominated models is signicant. Flat {dominated models, which are favor-
able for large{scale structure formation, appear to be unable to account for the
new COBE results and the Tenerife detection. However we caution that a precise
comparison must be made using our non{power{law power spectrum before any
denitive conclusions can be drawn. The inationary open models [20] provide
rather similar C
`
's to {dominated models. These models will be discussed in
detail in a forthcoming paper. Open Harrison-Zeldovich models are well tted
to COBE results, but have diculty in producing large enough uctuations on
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the Tenerife scale (Table I). The standard 
 = 1 model has a slightly tilted slope
n
e
' 1:1 even on the COBE scale.
Isocurvature perturbations reveal intrinsically dierent shapes for CMB aniso-
tropies on large scales. The value of n
e
' 2 required by viable BDM models
( 1:5  n   0:5) is only marginally consistent with the observational data.
Open and -dominated models have dierent eective n. For -dominated mod-
els, the dependence on thermal history is important. Other parameter depen-
dences, and in particular the initial n dependences, are quite weak on the COBE
scales for both open and -dominated models. Geometry dominates over ISW
in the absence of any intrinsic curvature uctuations. BDM models may be dis-
tinguishable from models with adiabatic perturbations via the large{scale CMB
anisotropies. The third and fourth{year COBE results and new large{scale ex-
periments should provide a denitive probe of curvature in a BDM universe that
may be written on the sky.
Acknowledgements
The authors would like to thank W. Hu, M. Kamionkowski, D.H. Lyth, B.
Ratra and M. White for valuable discussions. This research has been supported
at Berkeley in part by grants from NASA and NSF. N.S. acknowledges nancial
support from a JSPS Postdoctoral Fellowship for Research Abroad.
References
[1] G.F.Smoot et al. , Astrophys.J. Lett. 396, L1 (1992).
[2] K.M.Gorski et al. , Astrophys.J. Lett. (to be published).
[3] C.L.Bennett et al. , Astrophys.J. (to be published).
[4] S.Hancock et al. , Nature 367, 333 (1994).
[5] M.L.Wilson, Astrophys.J. 273, 2 (1983).
[6] L.Abbot and R.K.Scheafer Astrophys.J. 308, 546 (1986).
[7] M.Kamionkowski and D.N.Spergel, Astrophys.J. (to be published).
8
[8] P.J.E.Peebles, Astrophys.J.Lett. 315, L73 (1987).
[9] N.Gouda, N.Sugiyama and M.Sasaki, Prog.Theor.Phys. 85, 1023 (1991).
[10] J.R.Bond, G.Efstathiou, P.M.Lubin and P.R.Meinhold, Phys.Rev.Lett. 66,
2179 (1989).
[11] for references, see e.g., M.White, D.Scott and J.Silk, Ann. Rev. Astro. As-
trophys. (to be published). Here we distinguish between the Sachs-Wolfe
eect and the integrated Sachs-Wolfe eect as a matter of convenience
although both eects were discussed in R.K.Sachs and A.M.Wolfe, Astro-
phys.J. 147, 73 (1967).
[12] H.Kodama and M.Sasaki, Prog.Theor.Phys.Suppl. 78, 1 (1984).
[13] H.Kodama and M.Sasaki, Internat. J. Mod. Phys. A1, 265 (1986).
[14] L.A.Kofman and A.A.Starobinski

i, Sov. Astron. Lett. 11, 271 (1985).
[15] K.M.Gorski and J.Silk, Astrophys.J.Lett. 346, L1 (1989).
[16] Formation of large scale structure was studied by T.Suginohara and Y.Suto,
Astrophys.J. 387, 431 (1992); R.Cen, J.Ostriker and P.J.E.Peebles, Astro-
phys.J. 415, 423 (1993). Constraints from CMB anisotropies were investi-
gated by W.Hu and N.Sugiyama, Astrophys.J. (to be published).
[17] K.M.Gorski, J.Silk and N.Vittorio, Phys.Rev.Lett. 68, 733 (1992).
[18] J.M.Bardeen, Phys.Rev. D22 1882 (1980).
[19] N.Sugiyama and N.Gouda, Prog.Theor.Phys. 88 803 (1992).
[20] D.H.Lyth and E.D.Stewart, Physics Letters B 252 336 (1990); B.Ratra and
P.J.E.Peebles, (unpublished).
9
TABLE I
Expected T (K) of CDM adiabatic models

 Q FIRS Tenerife n
e
open
0.1 12.1 39.4 25.3 1.5
0.1* 11.6 39.8 26.4 1.6
0.1y 15.4 35.5 18.1 0.84
0.2 13.8 37.7 22.1 1.1
0.2y 16.7 35.3 17.7 0.63
0.3 14.6 37.7 22.3 1.0
0.3y 16.8 36.0 19.2 0.68
0.4 14.8 38.5 23.7 1.0
0.6 13.2 40.8 27.5 1.4
0.8 11.4 41.3 28.3 1.6
1.0 14.7 38.8 24.3 1.1
1.0* 14.8 37.3 21.8 1.0

0.1 16.7 38.1 22.5 0.72
0.1* 17.0 35.2 17.7 0.64
0.2 16.0 38.3 23.0 0.84
0.3 15.4 38.6 23.6 0.94
0.4 15.0 38.8 24.0 1.0
0.6 14.7 39.0 24.4 1.1
0.8 14.6 38.9 24.5 1.1
Obs. 63 4513 429 1.40.6
* models with reionization ( = 1).
ymodels with initial power spectrum of Ref. [20].
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TABLE II
Expected T (K) of BDM isocurvature models

 Q FIRS Tenerife n
e
n -1.5 -1.0 -0.5 0 -1.5 -1.0 -0.5 0 -1.5 -1.0 -0.5 0 -1.5 -1.0 -0.5 0
open
0.1 10.2 9.6 9.1 8.6 44.7 47.8 50.7 53.4 33.6 37.4 40.5 43.1 1.9 2.0 2.1 2.1
0.1* 10.1 9.7 9.1 8.3 49.8 52.8 55.6 58.8 38.9 41.7 44.3 47.2 1.9 1.9 2.0 2.2
0.2 10.3 9.6 9.1 8.8 43.4 47.2 50.5 53.2 31.7 36.4 40.0 42.6 1.8 2.0 2.1 2.1
0.3 10.5 9.5 9.0 8.8 42.8 47.1 50.9 53.8 30.5 35.9 40.1 42.8 1.8 2.0 2.1 2.1
0.4 10.7 9.5 8.9 8.7 42.4 47.2 51.7 55.0 29.7 35.7 40.5 43.6 1.7 2.0 2.1 2.1
0.6 11.2 9.5 8.6 8.3 42.0 47.6 53.9 59.2 28.5 35.5 42.0 46.7 1.6 2.0 2.2 2.2
0.8 11.7 9.8 8.3 7.4 41.6 48.0 56.2 65.1 27.6 35.5 43.7 51.3 1.5 1.9 2.2 2.4
1.0 12.3 10.2 8.4 6.9 41.2 48.1 57.6 69.8 26.8 35.2 44.6 54.8 1.4 1.8 2.2 2.5
1.0* 7.8 6.2 5.3 5.0 55.9 64.6 72.1 77.2 46.1 54.3 60.5 64.1 2.3 2.7 2.9 2.9

0.1 12.8 11.9 11.6 11.7 37.5 40.2 42.7 44.6 21.9 26.1 29.5 31.5 1.3 1.5 1.6 1.6
0.1* 9.8 8.8 8.4 8.3 48.5 55.1 61.6 66.6 38.0 45.1 50.8 54.3 1.9 2.1 2.2 2.2
0.2 12.6 11.5 11.2 11.3 38.4 41.7 44.9 47.0 23.1 27.9 31.8 33.6 1.4 1.6 1.7 1.6
0.3 12.4 11.1 10.7 10.8 39.1 43.1 47.1 49.8 24.0 29.6 34.1 36.4 1.4 1.7 1.8 1.7
0.4 12.3 10.8 10.2 10.2 39.6 44.3 49.2 52.9 24.7 30.9 36.3 39.4 1.4 1.7 1.8 1.8
0.6 12.2 10.4 9.3 8.9 40.4 46.1 53.1 59.7 25.7 33.0 40.2 45.8 1.4 1.8 2.0 2.1
0.8 12.2 10.2 8.6 7.6 40.9 47.3 56.0 66.0 26.4 34.4 43.0 51.5 1.4 1.8 2.1 2.3
Obs. 63 4513 429 1.40.6
* models with standard recombination (no reionization).
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Figure Captions
Figure 1: Power spectrum of temperature anisotropies `(` + 1)C
`
normalized
at ` = 2 as a function of ` for adiabatic CDM. Open and 
 +  = 1 models
(  =3H
2
0
) with 
 = 0:1; 0:2; 0:3; 0:4; 0:6; 0:8 and 1:0 are shown in (a) and (b),
respectively. Bold solid lines are 
 = 0:1 and 
 = 1. Dashed lines in (a) are low

 models with initial power spectrum of Ref. [20]. 
 = 0:1 open and  models
and 
 = 1 model with optical depths  = 1 and  = 0 (no reionization) are
shown in (c). Same models with initial power law index n = 1 and n = 1:5 are
shown in (d). The hatched region is the expected power law slope 1:4 0:6 from
the combined 1st and 2nd year COBE data [2,3].
Figure 2: Same as gure 1 for isocurvature BDM. No recombination open and

 +  = 1 models with 
 = 0:1; 0:2; 0:3; 0:4; 0:6; 0:8 and 1:0 are shown in (a)
and (b), respectively. In (a), the 
 = 1 adiabatic CDM model with n = 1 is also
plotted for comparison. Bold solid lines are 
 = 0:1 and 
 = 1. 
 = 0:1 open and
 models and 
 = 1 model with no recombination and standard recombination
(no reionization) are shown in (c). No recombination 
 = 0:1 open and lambda
models and 
 = 1 model with initial power law index n =  1:5; 1 and  0:5 are
shown in (d).
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